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. $A_{1},$ $\ldots,$ $A_{p}$ $m\cross m$ . ,
$\mathcal{A}=(A_{1}, \ldots, A_{p})$ .
(addition). $\alpha=(\alpha_{1}, \ldots, \alpha_{p})\in \mathbb{C}^{p}$ ,
$\mathcal{A}\mapsto(A_{1}+\alpha_{1}I_{m}, \ldots, A_{p}+\alpha_{p}I_{m})$
addition .
$\lambda$ . $pm\cross pm$ $G_{\nu}$






$O_{m}O_{m}A_{p}:.:)$ $(\nu=1, \ldots,p)$ .
(convolution). Fuchs $(G_{1}, \ldots, G_{p})$ $\mathcal{A}$ $\lambda$









$\overline{G}_{\nu}$ $G_{\nu}$ $\mathbb{C}^{pm}/(\mathcal{K}+\mathcal{L}_{\lambda})$ .
(middle convolution). $\mathcal{A}\mapsto(\overline{G}_{1}, . . , , \overline{G}_{p})$ $\lambda$ middle con-
volution , $mc_{\lambda}$ .
, addition , middle con-
volution ( .
). , middle convolution Fuchs


















, (2.1) $x=t_{1},$ $\ldots,$ $t_{p}$ $x=\infty$ .
$T$ , (2.1) . $T$
Jordan , (2.1) .
1. $T=(\begin{array}{ll}0 10 0\end{array})$ , (2.1) $F$
$\frac{d\Psi}{dx}=(xI-T)^{-1}A\Psi$
$= \{\frac{1}{x^{2}}(\begin{array}{ll}0 10 0\end{array})A+ \frac{1}{x}A\}\Psi$
, .
, $A$ ,
$A=-GRG^{-1},$ $R=$ diag $(\rho_{1}, \ldots, \rho_{m}, 0, \ldots, 0)$ $(\rho_{j}\neq 0)$ (2.2)
. (2.1) :
$(xI-T) \frac{d\Psi}{dx}=-GRG^{-1}\Psi$ .
$(T, R, G)$ .
Stab$(M)$ $M\in M(n, \mathbb{C})$
Stab$(M)=\{g\in GL(n, \mathbb{C})|gMg^{-1}=M\}$
. Jordan $T$ $R=$ diag $(\rho_{1}, \ldots, \rho_{m}, 0, \ldots, 0)$ ,
$\mathcal{O}(T, R)$ :
$\mathcal{O}(T, R):=\{(T, R, G)\}\tilde{\mathcal{O}}$ .
$\tilde{\mathcal{O}}$








. $T$ . $\mathcal{O}\subset \mathcal{G}\mathcal{O}$ .
( ) . $X_{p}$







$(t_{1}, \ldots, t_{p}, \rho_{1}, \ldots, \rho_{m})\mapsto(t_{1}, \ldots, t_{p},\hat{0,..0}, \rho_{1}, \ldots, \rho_{m})p.$
,
$\Gamma_{(m,p)}$ .
$\Gamma_{(m,p)}$ $\gamma=(t_{1}, \ldots, t_{p}, r_{1}, \ldots, r_{p}, \rho_{1}, \ldots, \rho_{m})$ $m\cross m$
diag $(\rho_{1}, \ldots, \rho_{m})$ . $\mathcal{E}_{\gamma}$
$\mathcal{E}_{\gamma}=\{A(x)=\sum_{\nu=1}^{p}\sum_{k=0}^{r_{\nu}}\frac{A_{\nu}^{(-k)}}{(x-t_{\nu})^{k+1}}$
$A_{\nu}^{(-k)}\in M(m, \mathbb{C}),$ $A_{\nu}^{(-r_{\nu})}\neq O,$ $- \sum_{\nu=1}^{p}A_{\nu}^{(0)}=\tilde{R}_{\gamma}\}/\tilde{\mathcal{E}_{\gamma}}$
.
$\mathcal{E}_{\gamma}\sim$
$A(x)_{\mathcal{E}_{\gamma}}\sim gA(x)g^{-1}$ ($g\in$ Stab $(\tilde{R}_{\gamma})$ )




. $\mathcal{E}$ $\mathbb{P}^{1}$ , $\mathcal{F}$
$\mathbb{P}^{1}$ Fuchs . 1
$\mathcal{E}$ , $\mathcal{E}$ 1
.
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3 $\pi\cdot \mathcal{G}\mathcal{O}arrow \mathcal{E}$
, $\pi$ : $\mathcal{G}\mathcal{O}arrow \mathcal{E}$ .
$J_{k}(a)$ $k\cross k$ Jordan
$J_{k}(a):=aI_{k}+N_{k}$ $(a\in \mathbb{C}, k\in \mathbb{Z}_{\geq 1})$
. $N_{k}$ $k\cross k$ :
$(^{0}01$ ... $01)$
. $\lambda=(m_{1}, \ldots, m_{l})$ ,
$J_{\lambda}(a):=J_{m_{1}}(a)\oplus\cdots\oplus J_{m_{l}}(a)$







$\lambda_{p}$ . $n=|\lambda_{1}|+\cdots+|\lambda_{p}|$ .
$R=$ diag $(\rho_{1}, \ldots, \rho_{m}, 0, \ldots, 0)$








, $J_{\nu}^{(-k)}$ $(xI-T)^{-1}$ $1/(x-t_{\nu})^{k+1}$ .
$J_{\nu}^{(-k)}=O_{|\lambda_{1}|+\cdots+|\lambda_{\nu-1}|}\oplus N_{m_{\nu,1}}^{k}\oplus\cdots\oplus N_{m_{\nu,l_{\nu}}}^{k}\oplus O_{|\lambda_{\nu+1}|+\cdots+|\lambda_{p}|}$
. $\lambda_{\nu}=(m_{\nu,1}, \ldots, m_{\nu,l_{\nu}})$ . $R$ $n-m$ $0$
, $B_{\nu}^{(-k)}$ $m\cross m$ $A_{\nu}^{(-k)}$ $(n-m)\cross m$ $X_{\nu}^{(-k)}$
$B_{\nu}^{(-k)}=(\begin{array}{ll}A_{\nu}^{(-k)} O_{m,n-m}X_{\nu}^{(-k)} O_{n-m,n-m}\end{array})$
. $[T, R, G]\in \mathcal{G}\mathcal{O}$
$\sum_{\nu=1}^{p}\sum_{k=0}^{m_{\nu,1}-1}\frac{A_{\nu}^{(-k)}}{(x-t_{\nu})^{k+1}}\in \mathcal{E}$
.
, $[T,$ $R,$ $G]\in \mathcal{G}\mathcal{O}$ ,























, $\tilde{A},$ $T,$ $P$
$\tilde{A}:=(\begin{array}{l}\tilde{A}_{1}\vdots\tilde{A}_{p}\end{array}),$ $T:=J_{r_{1}+1}(t_{1})^{\oplus m}\oplus\cdot\cdot\cdot$ $\oplus J_{r_{p}+i}(t_{p})^{\oplus m}$ ,
$P:=P_{(m,r+1)}\oplus\cdots\oplus P_{(m,r_{p}+1)}1$
. $P_{(i,j)}$
$P_{(i_{1}j)}=(I_{i}\otimes e_{1}, I_{i}\otimes e_{2}, \ldots, I_{i}\otimes e_{j})$




$E$ $\lambda$ convolution , $c_{\lambda}(E)$ .
3. $\mathcal{E}$ $E$ , $c_{0}(E)$ $\pi^{-1}(E)$ . $\pi$ :
$\mathcal{G}\mathcal{O}arrow \mathcal{E}$ .
4. $Y$ $E$ :
$\frac{dY}{dx}=(\sum_{\nu=1}^{p}\sum_{k=0}^{r_{\nu}}\frac{A_{\nu}^{(-k)}}{(x-t_{\nu})^{k+1}})Y$
.





5. 1 , $a$
, gauge (addition) $Yarrow(x-a)^{\alpha}Y$ $\frac{\alpha I}{x-a}$
, $E$ 1
.
6. $E$ leading term $A_{\nu}^{(-r_{\nu})}(\nu=1, \ldots,p)$
, $c_{0}(E)$ $\pi^{-1}(E)$ .
5 middle convolution
, $\pi$ $\mathcal{O}$ $\pi|_{\mathcal{O}}$ : $\mathcal{O}arrow \mathcal{F}$ middle convolution
.
$F=[ \sum_{\nu=1}^{p}\frac{A_{\nu}^{(0)}}{x-t_{\nu}}]$ $\mathcal{F}$ sizem . $rankA_{\nu}^{(0)}=l_{\nu}$ .
$A_{\nu}^{(0)}$
$m\cross l_{\nu}$ $B_{\nu}$ $l_{\nu}\cross m$ $C_{\nu}$ $A_{\nu}^{(0)}=B_{\nu}C_{\nu}$ .
$n=l_{1}+\cdots+l_{p}$ .
$n\cross n$ $T_{\min},$ $A_{\min}$





$(xI-T_{\min}) \frac{d\Psi}{dx}=A_{\min}\Psi$ . (5.1)
, $\pi|_{\mathcal{O}}$ : $\mathcal{O}arrow \mathcal{F}$ .
8. $m=2,$ $p=3$ , $A_{\nu}^{(0)}$ $0,$ $\theta_{\nu}(\nu=1,2,3)$ ,
$A_{\nu}^{(0)}$ .
$A_{\nu}^{(0)}= \frac{1}{2}(\begin{array}{ll}a_{\nu}b_{\nu}+\theta_{\nu} -a_{\nu}^{2}b_{\nu 2,\nu}^{2_{-\frac{\theta}{a}\angle}^{2}} -a_{\nu}b_{\nu}+\theta_{\nu}\end{array})$
$=( \frac{a_{\nu}b-\theta a_{\nu}}{a_{\nu}}I(\frac{a_{\nu}b_{\nu}+\theta_{\nu}}{2a_{\nu}}$ $- \frac{a_{\nu}}{2})$ .
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$A_{\min}$ $F$
$A_{\min}=$ $(a_{2a_{1}}2a_{2a}a_{2a_{3}}$ $–a_{2} \lrcorner A-a_{2}\underline{a}_{2}A)(\begin{array}{lll}a_{1} a_{2} a_{3}\infty ab-\cup\theta Aar-A Aab-arrow\theta a3a_{1} a2 \end{array})= \frac{1}{2}(\begin{array}{lll}2\theta_{1} c_{12} c_{13}c_{2l} 2\theta_{2} c_{23}c_{3l} c_{32} 2\theta_{3}\end{array})$
. $c_{ij}=a_{j}b_{i}-a_{i}b_{j}+\theta_{i_{a:}^{\lrcorner}}^{a}+\theta_{j_{a}^{arrow}j}^{a}$ .
$A_{\nu}^{(0)}$ $A_{\min}$ [7], [11] .
9. $F\in \mathcal{F}$ , (5.1)
$O_{F}$ . , $A$ $\lambda I$
. $\pi\circ T_{\lambda}(O_{F})=mc_{\lambda}(F)$ .
middle convolution $F$
1. $\mathcal{F}$ $\mathcal{O}$ ,


























. , middle convolution
3 . 2 rigid , 1 rigid







$(x- (\begin{array}{ll}0 10 0\end{array}))\frac{d\Psi}{dx}=(\begin{array}{ll}0 01 -\rho\end{array}) \Psi$
, generic $\lambda$
$(x- (\begin{array}{ll}0 10 0\end{array}))\frac{d\Psi}{dx}=(\begin{array}{ll}\lambda 01 \lambda-\rho\end{array}) \Psi$
, $mc_{\lambda}$ system , Kummer (






$(x- (\begin{array}{lll}0 1 00 0 00 0 0\end{array}))\frac{d\Psi}{dx}=(\begin{array}{lll}\lambda_{1} \frac{\rho_{1}\rho_{2}\rho_{3}}{\lambda_{2}t} 1t 0 0u 0 \lambda_{2}\end{array}) \Psi$.
$u=\lambda_{1}\lambda_{2}-\rho_{1}\rho_{2}-\rho_{2}\rho_{3}-\rho_{3}\rho_{1}-\text{ _{}1L^{2}L3,\lambda_{2}}$ . system Riemann
scheme
$\{\begin{array}{ll}x=0 x=\infty\hat{00} \rho_{1}\lambda_{2}0 \rho_{2}\lambda_{1}t \rho_{3}\end{array}\}$
.
$\rho_{3}$ middle convolution 2
$\frac{A_{1}^{(-1)}}{x^{2}}+\frac{A_{1}^{(0)}}{x}\in \mathcal{E}$
.
$A_{1}^{(-1)}= \frac{t}{\rho_{1}-\rho_{2}}(\begin{array}{ll}\lambda_{2}+\rho_{1} \lambda_{2}+\rho_{2}-(\lambda_{2}+\rho_{1}) -(\lambda_{2}+\rho_{2})\end{array})$ ,
$A_{1}^{(0)}=-(\begin{array}{ll}\rho_{1}-\rho_{3} 00 \rho_{2}-\rho_{3}\end{array}))$
Riemann scheme} $3$;
$\{\begin{array}{ll}x=0 x=\infty\tilde{0\lambda_{2}+\rho_{3}} \rho_{1}-\rho_{3}\lambda_{1}t+2\rho_{3} \rho_{2}-\rho_{3}\end{array}\}$
.
addition $x=0$ exponent 1 $0$ ( , $x=0$
, $\lambda_{2}+\rho_{3}$ . ) Riemann scheme
$\{\frac{x=0}{00,t\lambda_{1}-\lambda_{2}+\rho_{3}}\rho_{2}+\lambda_{2}\rho_{1}+\lambda_{2}x=\infty$ $\}$
, $\rho_{1}+\lambda_{2}$ middle convolution 1 .
, $p^{F}p-2$ 1 .
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6.3 Painlev\’e IV $B\ddot{a}$cklund
middle convolution addition rigid
. 8 2 ,
middle convolution Painlev\’e VI




$A_{0}=(\begin{array}{lll} +z1,2 -uz(z +1\prime 2),u -z\end{array}),$ $A_{1}=(\begin{array}{ll}a_{ll} a_{l2}a_{21} a_{22}\end{array}),$ $A_{2}=-(\begin{array}{ll}\alpha_{0} 00 \alpha_{0}+\alpha_{l}-1\end{array})$ ,
.
$2(1-\alpha_{1})z=(2\lambda^{3}\mu+2\alpha_{0}\lambda^{2}-2t\lambda-1)(\lambda\mu+\alpha_{0})+\alpha_{0}+\alpha_{1}-1$,





11. $\pi^{-1}$ (LIv) ,
:
$(xI_{3}-T_{IV}) \frac{d\Psi}{dx}=C_{IV}\Psi$ . (6.1)
$T_{IV}=(\begin{array}{lll}0 1 00 0 10 0 0\end{array}),$ $C_{IV}=$ $(^{2(\alpha_{1}-1)z-\alpha_{0}} \frac{01}{2}$ $-2(\alpha_{1}-1)z+\alpha_{2}(C_{IV})_{12}t$ $((c_{IV}^{IV}c_{0})_{23})_{13})$ ,
$(C_{IV})_{13}=4(\alpha_{1}-1)\lambda\{2\lambda(\lambda\mu+\alpha_{0})^{2}-\mu\}z,$ $(C_{IV})_{23}=-4(\alpha_{1}-1)\lambda(\lambda\mu+\alpha_{0})z$ ,
$(C_{IV})_{12}= \frac{((-2(\alpha_{1}-1)z+\alpha_{2})(C_{IV})_{13}}{(C_{IV})_{23}}+2t(2(\alpha_{1}-1)z-\alpha_{0})$.
$mc_{\alpha 0}$ 2 ,
$\alpha_{0}\mapsto-\alpha_{0}$ , $\alpha_{1}\mapsto\alpha_{1}+\alpha_{0}$ , $\alpha_{2}\mapsto\alpha_{2}+\alpha_{0}$ ,
$\alpha_{0}$
$t\mapsto t$ , $\lambda\mapsto\lambda+\overline{\mu}$ ’ $\mu\mapsto\mu$
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Painlev\’e IV $B\ddot{a}$cklund .
(6.1) Laplace
$\frac{d\Phi}{dz}=(T_{IV}-\frac{C_{IV}+I}{z})\Phi$
$A_{2}^{(1)}$ [ ( PIv )
.
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